.

i Basic Queuing Systems

= What is queuing theory?

= Queuing theory is the study of queues (sometimes
called waiting lines)

= Can be used to describe real world queues, or more
abstract queues, found in many branches of
computer science, such as operating systems

= Basic queuing theory

Queuing theory is divided into 3 main sections:

= Traffic flow
= Scheduling
= Facility design and employee allocation

Copyright © 2011, Dr. Dharma P. Agrawal and Dr. Qing-An Zeng. All rights reserved.


簡報者
簡報註解
Branch: （語系的）分支；（學科的）分科[（+of）]



i Kendall’s Notation

= D.G. Kendall in 1951 proposed a standard
notation for classifying queuing systems into
different types.

= Accordingly the systems were described by the
notation A/B/C/D/E where:

Distribution of inter arrival times of customers

Distribution of service times

Number of servers

Maximum number of customers in the system

mi (OO |@|>

Calling population size

Copyright © 2011, Dr. Dharma P. Agrawal and Dr. Qing-An Zeng. All rights reserved.



i Kendall’s Notation

B 2 RhIE A Z o i

ARSI R 2 o3

Ak BE

ENSTHNES

mi O O|T|>

RPN BN

~ . CENGAGE _ _
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i Kendall’s Notation

A and B can take any of the following
distributions types:

M | Exponential distribution (Markovian)

D | Degenerate (or deterministic) distribution

E, | Erlang distribution (k = shape parameter)

H, | Hyper exponential with parameter k

Copyright © 2011, Dr. Dharma P. Agrawal and Dr. Qing-An Zeng. All rights reserved.


簡報者
簡報註解
Degenerate:  衰退的；墮落的



i Kendall’s notation

M | F58UoE (BR]R: Markovian)

D | &4k (deterministic) -4 (St e 14 53-4)

E, |EBA(Erlang )i (K RMNESE)

G | o (EE i)

He | 28R k ZEER

~ . CENGAGE _ _
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Little’s Law

= Assuming a queuing environment to be operating

In a stable steady state where all initial transients
have vanished, the key parameters characterizing
the system are:

= A— the mean steady state consumer arrival

= N —the average no. of customers in the system

= T —the mean time spent by each customer in the

system
which gives
N=AT

Copyright © 2011, Dr. Dharma P. Agrawal and Dr. Qing-An Zeng. All rights reserved. 6


簡報者
簡報註解
Transient:短暫的;一時的;瞬間的

Vanish:  突然不見;消失


i Markov Process

= A Markov process is one in which the next
state of the process depends only on the
present state, Irrespective of any previous
states taken by the process

= The knowledge of the current state and the
transition probabilities from this state allows
us to predict the next state

Russian mathematician Andrey Markov.
Copyright © 2011, Dr. Dharma P. Agrawal and Dr. Qing-An Zeng. All rights reserved. 7



簡報者
簡報註解
Irrespective:與...無關的

https://en.wikipedia.org/wiki/Andrey_Markov

i Birth-Death Process

= Special type of Markov process

= Often used to model a population (or, no. of jobs
In a queue)

= If, at some time, the population has n entities (n
jobs in a queue), then birth of another entity
(arrival of another job) causes the state to
change to

= On the other hand, a death (a job removed from
the queue for service) would cause the state to
change to

= Any state transitions can be made only to one of
the two neighboring states

Copyright © 2011, Dr. Dharma P. Agrawal and Dr. Qing-An Zeng. All rights reserved.



State Transition Diagram

n+1
Hn+1 Hn+2

P(0) P P2 P(n-1)  P(n) P(n+1)
Probability in a state

The state transition diagram of the continuous birth-death process

B R 0T 4230 1 o p = 4P,
B R LT g 2N LA p, + L0, = (A +14)p,
B RENSTHES 2N DA Pyt My Poa = (A, + 244,) P,

Equilibrium State Equations
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i Birth-Death Process

o P TR A1

A 1
p1:_0p0 pzzipﬁ'_(ﬂlpl_lopo)

Hy Hy Hy
A
— i P = e Po
Hs Ho by

s HEEERINE (mathematical induction ) T]#&

pn — n—1""n-2 0 po
Holo_q " Hy

:pOH_I n=12--- (3)
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i Birth-Death Process

T . AY
. K ;/l\\’

Z = P, + DOZH

n=0 n1|0/u|+1

= AT

1
pO = n-1 1

1+i

n=1 i=0 My

= DU ATatamiy =z - Bt
(3))5’&W(4)

=z
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S
ﬂ/l/l\/l/l/oo or M/M/1 Queuing System

= When a customer arrives in this system it will be
served If the server is free, otherwise the
customer Is queued

= In this system customers arrive according to a
Poisson distribution and compete for the service
In a FIFO (first in first out) manner

= Service times are independent identically
distributed (11D) random variables, the common
distribution being exponential

Copyright © 2011, Dr. Dharma P. Agrawal and Dr. Qing-An Zeng. All rights reserved. 12


簡報者
簡報註解
Compete for :  競爭；對抗


Queuing Model and State Transition
i Diagram
Queue Server

The M/M/1/o queuing model

A A A A A A A
OBOR0O (1) (1) (5
m m n I K K K
P(0) P(1) P(2) P(i-1) P(i) P(i+1)

Probability in a state

The state transition diagram of the M/M/1/e0 gqueuing system

Copyright © 2011, Dr. Dharma P. Agrawal and Dr. Qing-An Zeng. All rights reserved. 13



i Equilibrium State Equations

= If mean arrival rate iIs A and mean service rate Is
u, 1=0, 1, 2 be the number of customers in the
system and P(i) be the state probability of the
system having I customers

= From the state transition diagram, the
equilibrium state equations are given by

AP(0) = 1P (1), i =0,
(A+ 1)P@i) = AP(>i-1) + uP(i+1), i>1

P(i)=(£)'P(0), i>1

Copyright © 2011, Dr. Dharma P. Agrawal and Dr. Qing-An Zeng. All rights reserved.




iEquilibrium State Equations

P - % p(0), p=t
P(2) = 2 P(1) = ()2 P(0) = p*P(0).
< 7 7
p(i) = 2 P(i~1) = () P(0) = p'P(0),
\ 7 7

Copyright © 2011, Dr. Dharma P. Agrawal and Dr. Qing-An Zeng. All rights reserved. 15



.

i Traffic Intensity

= We know that the P(0) is the probability of
server being free. Since P(0) > 0, the necessary
condition for a system being in steady state Is,

p:£<1

u

This means that the arrival rate cannot be
more than the service rate, otherwise an
Infinite queue will form and jobs will
experience Iinfinite service time

Copyright © 2011, Dr. Dharma P. Agrawal and Dr. Qing-An Zeng. All rights reserved. 16


簡報者
簡報註解
Intensity:強度，烈度



i M/M/1 Queuing System

Pn/y 2 AR N 2R > SURRGERIER 1> AL

P =1=2Py+P+P,+ .. +P +..=1
n=0

Po+ (M) Py + (MW)? Py+ ... + W) " Po+... =1
Po [ 1+ (Mp) + (Mp)> + ... + (Mw)" +...1=1
S ',
1-(A/p) Geometric Series
Po=1-(Muw) =1-p, p=Ap (ZELRSED)
Pr=A/W)"Po=p"(1-p) ,n20
Po s R AR B MR - BRI B > e -
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.

i Queuing System Metrics

m p=1-P(0), Is the probability of the server
being busy.

s [ herefore, we have
P(n) = p"(1- p)

= The average number of customers in the system
IS

A
L = u—A
= The average dwell time of customers is
1
W, = )

Copyright © 2011, Dr. Dharma P. Agrawal and Dr. Qing-An Zeng. All rights reserved. 18


簡報者
簡報註解
Dwell: 居住,住


_ - _ - n
i L=XnP, ==Znp'(1-p)
— T 1

=Xnp"-Znp™
= (0 +p+2p°+3p°+ ... )
-(0+p°+2p°+ ... )

=p+pitp’t

=p(1+p+p°+p+ )
1
T-p
_
L= A (a)

Copyright © 2011, Dr. Dharma P. Agrawal and Dr. Qing-An Zeng. All rights reserved.
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H(c)=

W=W_+1/u :

W, =W-1/u= — (b)
L(b) (e - 2)

[ =W = A
NI e
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i Queuing System Metrics

= The average queuing length is
2 22

Lqg =
|

~1)P(i) = =
1( Pl = 1 pu(u-2A)

l MS

= [he average waliting time of customers Is

Lq_ ,02 B A
A A=-p)  wu(u-4)

Wq =

Copyright © 2011, Dr. Dharma P. Agrawal and Dr. Qing-An Zeng. All rights reserved.
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i Example

= [ijH
o REEE ESEM TR E R AR T > 112:00
£ [FF1:00 > 2SR E S E BB R =800 i
PR INRF30 N BRBRE HIARGS RN e 8007
e I RL.500 8 - OKE AL AR DL ERTIER Ry (] ?
2
m

PETHEFEESNE MM/ F

A=30/hr
1 . 1
—=15min=—hr= u=40/hr
U 40
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i Example

w5
p:i=@20.75
u 40
B A M/M/LIEN Gk o387 7
A 30 ,
g—4 a0-30 ~F
2 2
IR N P T
u(u—1) 40(40-30)
W = L = L =0.1hr=6 min
u—21 40-30

A 30

Wq = = =0.075 hr =4.5 min
u(u—1) 40(40-30)
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i Example

] ll“)‘ pné} \‘?]E

=p"(1-p)=(0.75)"(1-0.75)

p, =0.250, p, =0.188, p, =0.141, p, =0.105, p, =0.079
- FRRE AT S

4
1-> p, =1-0.763=0.237
n=0
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M/M/S/oo

= Customers arrive according to a Poisson process
with rate A.

= The service times of customers are exponentially
distributed with parameter L.

= There are s servers, serving customers in order
of arrival.

= Stability condition: A < s * y or alternatively
written, p = A/ (s * 4) < 1.

Copyright © 2011, Dr. Dharma P. Agrawal and Dr. Qing-An Zeng. All rights reserved. 25



i M/M/S/eo Queuing Model

Exponential Service

AN

Queue Size — oo

AN

A —>

Queue

Servers

Copyright © 2011, Dr. Dharma P. Agrawal and Dr. Qing-An Zeng. All rights reserved.
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i State Transition Diagram

A A A A A A A
~ N ~ N
OBOBOBECBOROE
p 2p 3 SDp s Sp Sp

Copyright © 2011, Dr. Dharma P. Agrawal and Dr. Qing-An Zeng. All rights reserved. 27



M/M/S/eo Queuing Model

ﬂ’n—l/ln—z o /10

P = P
L I T A E o AT Mooy 1y :
n-1 21
A =2 n=01,... =p] [ n=12--
i=0 M1

{ny n=12,...,s-1
Hy =
su n=s,s+1,...

B rREp, o APFAFENB)? R FINL AT

ln :(ﬂ/ﬂ)n L -
n—li:< L) (2p)--- (nw) Nl 2....,
li:()[ i+1 ﬂvn :(l/:u)n nN=s.5+1...
(L)) (su)(sp)™ sls™ S+1,
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M/M/S/eo Queuing Model

Thus -
(/11]7) P, n=12,..,s-1
Pn =1 o
(/Uf_z P, N=S,5+],
L S!S
........................................................................................................... _
Al Al B
p0:1+z( ,U) ( u) Z( j

-1
. (l/,u) (l/,u) 1 Geometric Series
o n! st 1-A/(su) (FELLRED

B U op, e REEARY ORI p=Alsu<l
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M/M/S/oo

1=0 1=0 SI
(Au) 5o (A p) i

= | _

Po=—, p; PP pgdpp
W)y d & (A p) 1
= Py | pdpi:op = Py sl pdp -
_@Aluyp .

si(l—p)? " °

B Hepnsac BT d Little o582 A AR 4R
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簡報者
簡報註解
在M/M/S/, 只有超過S個arrival, 才會在queue中等待


i Queuing System Metrics

= The average number of customers in the system Is

. A
L=a(W, +—)=L += A/ 1)y p
H - ;_f | aa_py P
B The average waiting time of customers is

= The average dwell time of a customer in the
system Is given by
1

W =Wy +

Copyright © 2011, Dr. Dharma P. Agrawal and Dr. Qing-An Zeng. All rights reserved. 31



M/M/1/K

= Arrival process is Poisson Process with rate A

= Number of services is Poisson Process with rate u
= Single Server

= Queue size is finite = K

= Queue discipline : FCFS

state k = population size is k

% A
A A /_,ji»‘ P e
ar e
~. - - >
n n H a H

Copyright © 2011, Dr. Dharma P. Agrawal and Dr. Qing-An Zeng. All rights reserved. 33



M/M/1/K

HEE L I R T RN R
(3) > & w7 {F

- A n=01... K-1
" 10 n=K,K+1... 1 1
Po = . K — K
=4 N=12, PP 2P
n=1 n=0
A A A | 1-
pn — n-1"n-2 0 po : 1 €+1 p¢1
Mooy My i = 9 —P
n-1 ﬂ, : 1
_ i — I =1
pOIi:)[ M q b (3)i K+1 g
b =1 \«4)5\ 1
0 o n-1 : _p
ﬂ/i : P — n
1+ZH : a— P 1_p1+1


簡報者
簡報註解
Queue的長度為K
Pn = (/)n P0 = n (1 - )  -M/M/1



M/M/1/K

P, =pP" P,
4 1_ )
1_ II(()+1p pil
_ 1'0 for n=0,1....K
-1
K11 P

B akopogadEd o g ULe (finite sum) =54 e

(1_ XK+1 For r # 1, the sum of the first n terms of a geometric series is
K
n _ Xil 2 3 ﬁ_]_?ﬂ-l ko 1—:
EX = < 1_X a + ar + ar® + ar® + --- + ar —kﬂrrr —ﬂ.t
n=0 -
K+l x=1

B REY T G R p=A u<l]
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M/M/1/K

K

K
L = Z;;p*'ﬂ] - PPUZ k!
k=1

k=1 e :

K J . ! ri

. l_p}{ :EG_PH-'_.I
=FPH(ZF“) =PPD(M_F) :PP"(T,J
k=1

— ((1—[I{+1}p”){1—p]+ﬁ—ﬂ’”')'W

CpP (1= (K+1)p" —p+ (K +1)p" "+ p— p"*1)
; (1—p)

C pP (1= (K +1)p" + Kpi*)

a (1—p)?

Cp(1— (K +1)p% + KpK+)

B (1 —p)(1—pf+t)

Quotient rule
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簡報者
簡報註解
???問彥妤第二行到第三行的部份???


i L
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i M/M/1/K

B 5 p#lp:
L=...

_pIKp™ = (K+1)p" +1]
1-p"-p)

< 1 K(K+1) K
L: N = =
nzzc; Pr K+1 2 2
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M/M/1/K

B % Little =V pF> Jf & * 3 »c3):E F (effective
arrival rate ) 4.

ﬂ“eff = ﬂ‘(l_ pK)
B & Little o587
L
W :L Wq -1
ﬁ’eﬁ ﬂ’eff

‘%ﬁ
ﬂ, ﬂ“eff

A5 2 % 2
> > X IFE 8 s

Copyright © 2011, Dr. Dharma P. Agrawal and Dr. Qing-An Zeng. All rights reserved.



M/M/S/K

B nEFemary i

A n=01....K-1

-

A =
0 n=K,K+1,...
Ny n=12..,s-1
Hiy =
sy n=s,5+1...,K
B ey dr383)2 84 »H7F ¢
pn—/l”‘ll”‘z e P | (4] 4) , n=12,..,s-1
/unzun—l lul i nl
= A : n
:pon : n:1’21"' (3):pn:<(l/lLﬁ) pO n:S,S+1,...,K
i=0 Hi1 : S!Sn S
P, = wi4 7l @)i 0 n=K+1,...
DN I i
n=1 i=0 Hi1 ]
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n—1
alarlargiar‘al---}ar”_]=g ar® =
k=0

I\/I / I\/I /S/ K For r # 1, the sum of the first n terms of a geometric series is
1—-r"
{1

p0:1+z(/“ﬂ) (ﬂ/ﬂ) Z( J }

= 1+Z(ﬂ/,u) (ﬂ,/lu)s 1—(/1/SILI)K_S+1
- st 1-(A/su)

...........................................

B @l op, s T R L (F p=Alsu#lE) do

Lq :Z(n_s)pn =

(/'l(i/—l) ;Z Po[(K =8)(p=1)p" ™ = p"* +1]
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M/M/S/K

B o2 L L ehld e
s-1 s—1
L = Lq+ann+s 1—2 o
n=0 n=0

B gl Little 250 0 ¥ G ooxFEF A,

‘Zéﬁ ::)l(l'_ Fh()
C P
W:L W :i
‘z@ﬁ ! ‘Zbﬁ
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i Example
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Solution

(@) @ 5M/M/s/KH s H5=2,K=5

A =2/hr n=01...,4

1240min:2hr:>,u:1.5/hr
I 3
_[15n n=12
=13 n=345
N AYDN P, AT
@119 1)
0 = n!
"1 (2/1.5) _
Sie Po =345
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i Solution

(a)m T

4 1[4y _1(4Y
p1—3po, p2_2 Po p3—4 3 Po

) _1@“ _i(ﬂf
+“gl3) P BTigl5) P

B FF R ot 1o 4
+als) 35 ) %)

Dl l+=+=| = | +=| = | +2] = | +—=| = | [=1
3 2\3) 4\3) 8l3) 1613

p, =0.2981, p, =0.1988, p, =0.1325, p, =0.0883, p, =0.058
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i Solution

PLFEF T L E 4o ol

T

Age = A(1—p:) =2(1—-0.0589) =1.8822 cars/ hr

~
O
N
[ ]
=

© & o el
=2(0.0589) =0.117/8 cars
B A x 10 ] B4y 29 5
$1350x10x A p, = $1590.3
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Solution

(d) A1ienadpy d fmlics

1p,+2(p, + p; + p, + ps) =1.2551 cars

() # - E X ZFEFR O AL FE 40T

(2p, +1p,)/ 2 =37.27%

() Fiza ¥ o jwlics

5
L, => (n-2)p, =1p, +2p, +3p, = 0.4858 cars
n=3
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i Solution

() *= PREZ AR P R 2

L
W, = 1 0.4858 —0.2581 hrs =15.49 min
A, 1.8822
1 .
W =Wq +—=55.49 min
u
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Solutlon
Sol:EEM/M/1.E[ERIEHER Zif - B2 N GFEREZEHEK
A=%.u=5
Y it -
P =1c

L =k-2(-F)=k-pl-F)

A\ S|

RIFZEER » (Z1EEE eSS L. < 0.125k -

Em=1.2.3.45.FULLF 24

k P, L L <0.125k ?
1 10/11 0.091 £(0.125)
2 50/61 0.197 £(0.25)
3 500/683 0.321 £(0.375)
4 1250/1933 0.467 =(0.5)
5 2500/4433 0.640 7(0.625)
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i Example

» HEGTA ZEEEE L SEEZEGELENEIEA
P ERE RS o TR FZEZ RS
/INEFAEEE6 A 0 ffcPoisson i o {HZFFEEYIHY R FE F530
& A > 5K NAHIRTRE 2
(1) ZFFENEE AR
(2) BINZMHER (25 H om0 BElZEZZE AN
REHE A SR S L BER 2 R )
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Solution

Sol: [FfFHEEN/NM/3/30 » S=3 » K=30> A =6 ( )/ |\EE)

3 30
S oo+ 3 Seer
- - n=4
41_ 27
RNV ST L &) J
=1.65
Fy, =16 = 0.61
i'(é! <0.6l., O0=n<23
(1> p,=""""
1_3[}; = 0.61 3=mn <30
313" )
N . 30
_ P _ 1 /1 _
(2) Py =L P = () =061=0
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