i Basic Queuing Systems

= What is queuing theory?

= Queuing theory is the study of queues (sometimes
called waiting lines)

= Can be used to describe real world queues, or more
abstract queues, found in many branches of
computer science, such as operating systems

= Basic queuing theory

Queuing theory is divided into 3 main sections:

= Traffic flow
= Scheduling
= Facility design and employee allocation
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i Kendall’s Notation

= D.G. Kendall in 1951 proposed a standard
notation for classifying queuing systems into
different types.

= Accordingly the systems were described by the
notation A/B/C/D/E where:

Distribution of inter arrival times of customers

Distribution of service times

Number of servers

Maximum number of customers in the system

mi (OO |@|>

Calling population size
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i Kendall’s Notation
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i Kendall’s Notation

A and B can take any of the following
distributions types:

M | Exponential distribution (Markovian)

D | Degenerate (or deterministic) distribution

E, | Erlang distribution (k = shape parameter)

H, | Hyper exponential with parameter k
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i Kendall’s notation

M | F58UoE (BR]R: Markovian)
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Erlang Distribution

= The Erlang distribution is a two parameter family of
continuous probability distributions with support z < [0, )

= The two parameters are:
= a positive integer k& the "shape", and
= a positive real number A the "rate". The "scale", u, the
reciprocal of the rate, is sometimes used instead.
= The Erlang distribution with shape parameter
=1 simplifies to the exponential distribution.

= |t is a special case of the Gamma distribution. It is the
distribution of a sum & independent exponential
variables with mean 1/ A each.
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Erlang Distribution

= The Erlang distribution was developed by A. K. Erlang to

examine the number of telephone calls which might be
made at the same time to the operators of the switching

stations.

= This work on telephone traffic engineering has been

expanded to consider waiting times in gueueing systems in

general. The distribution is now used in the fields
of stochastic processes and of biomathematics.
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https://en.wikipedia.org/wiki/Agner_Krarup_Erlang
https://en.wikipedia.org/wiki/Queueing_theory
https://en.wikipedia.org/wiki/Stochastic_process
https://en.wikipedia.org/wiki/Biomathematics

Little’s Law

= Assuming a queuing environment to be operating

In a stable steady state where all initial transients
have vanished, the key parameters characterizing
the system are:

= A— the mean steady state consumer arrival

= N —the average number of customers in the system

= T —the mean time spent by each customer in the

system
which gives
N=AT
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i Markov Process

= A Markov process is one in which the next
state of the process depends only on the
present state, Irrespective of any previous
states taken by the process

= The knowledge of the current state and the
transition probabilities from this state allows
us to predict the next state g

Russian mathematician Andrey Markov.
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https://en.wikipedia.org/wiki/Andrey_Markov

i Birth-Death Process

= Special type of Markov process

= Often used to model a population (or, no. of jobs
In a queue)

= If, at some time, the population has n entities (n
jobs in a queue), then birth of another entity
(arrival of another job) causes the state to
change to

= On the other hand, a death (a job removed from
the queue for service) would cause the state to
change to

= Any state transitions can be made only to one of
the two neighboring states
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State Transition Diagram

n+1
Mn+1 Hn+2

P(0) P P2 P(n-1)  P(n) P(n+1)
Probability in a state

The state transition diagram of the continuous birth-death process

B RO T 258 1o up = 4p,

] ﬁ%{@lml@‘"’ F23s L AP+ P = (A + )Py

B RENT 4258 DA P+ 4Py =+ 1,) P,
Equilibrium State Equations
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i Birth-Death Process
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i Birth-Death Process
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ﬂ/l/l\/l/l/oo or M/M/1 Queuing System

= When a customer arrives in this system it will be
served If the server is free, otherwise the
customer Is queued

= In this system customers arrive according to a
Poisson distribution and compete for the service
In a FIFO (first in first out) manner

= Service times are independent identically
distributed (11D) random variables, the common
distribution being exponential
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Queuing Model and State Transition
i Diagram
x —O-
Queue Server

The M/M/1/o queuing model

A A A A A A A
OBOR0O (1) (1) (5
m m n I K K K
P(0) P(1) P(2) P(i-1) P(i) P(i+1)

Probability in a state

The state transition diagram of the M/M/1/e0 gqueuing system
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i Equilibrium State Equations

= If mean arrival rate iIs A and mean service rate Is
u, 1=0, 1, 2 be the number of customers in the
system and P(i) be the state probability of the
system having I customers

= From the state transition diagram, the
equilibrium state equations are given by

AP(0) = 1P (1), i =0,
(A+ 1)P@i) = AP(>i-1) + uP(i+1), i>1

P(i)=(£)'P(0), i>1
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iEquilibrium State Equations

P - % p(0), p=t
P(2) = 2 P(1) = ()2 P(0) = p*P(0).
< 7 7
p(i) = 2 P(i~1) = () P(0) = p'P(0),
\ 7 7
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i Traffic Intensity

= We know that the P(0) is the probability of
server being free. Since P(0) > 0, the necessary
condition for a system being in steady state Is,

p:£<1

u

This means that the arrival rate cannot be
more than the service rate, otherwise an
Infinite queue will form and jobs will
experience Iinfinite service time
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i M/M/1 Queuing System
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i Queuing System Metrics

m p=1-P(0), Is the probability of the server
being busy.

s [ herefore, we have
P(n) = p"(1- p)

= The average number of customers in the system
IS

A
L = u—A
= The average dwell time of customers is
1
W, = )
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i Queuing System Metrics

= The average queuing length is
2 22

Lqg =
|

~1)P(i) = =
1( Pl = 1 pu(u-2A)

l MS

= [he average waliting time of customers Is

Lq_ ,02 B A
A A=-p)  wu(u-4)

Wq =
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i Example
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i Example

w5
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u 40
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i Example

] ll“)‘ pné} \‘?]E

=p"(1-p)=(0.75)"(1-0.75)

p, =0.250, p, =0.188, p, =0.141, p, =0.105, p, =0.079
- FRRE AT S

4
1-> p, =1-0.763=0.237
n=0
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M/M/S/o0

= Customers arrive according to a Poisson process
with rate A.

= The service times of customers are exponentially
distributed with parameter .

= There are sservers, serving customers in order
of arrival.

= Stability condition: A < s * 1/ or alternatively
written, p = A (s * 4) < 1.
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i M/M/S/eo Queuing Model

Exponential Service

AN

Queue Size — oo

AN

A —>

Queue

Servers
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i State Transition Diagram
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M/M/S/eo Queuing Model
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M/M/S/eo Queuing Model
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M/M/S/oo
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i Queuing System Metrics

= The average number of customers in the system Is

. A
L=a(W, +—)=L += A/ 1)y p
H - ;_f | aa_py P
B The average waiting time of customers is

= The average dwell time of a customer in the
system Is given by
1

W =Wy +
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M/M/1/K

= Arrival process is Poisson Process with rate A

= Number of services is Poisson Process with rate u
= Single Server

= Queue size is finite = K

= Queue discipline : FCFS

state k = population size is k

% A
A A /_,ji»‘ P e
ar e
~. - - >
n n H a H
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M/M/1/K
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M/M/1/K
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M/M/1/K

K

K
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i M/M/1/K

B 5 p#lp:
L =K
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M/M/1/K

B % Little =V pF> Jf & * 3 »c3):E F (effective
arrival rate ) 4.

ﬂ“eff = ﬂ‘(l_ pK)
B & Little o587
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M/M/S/K

B AR L
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n—1
alarlargiar‘al---}ar”_]=g ar® =
k=0

I\/I / I\/I /S/ K For r # 1, the sum of the first n terms of a geometric series is
1—-r"
{1

p0:1+z(/“ﬂ) (ﬂ/ﬂ) Z( J }

= 1+Z(ﬂ/,u) (ﬂ,/lu)s 1—(/1/SILI)K_S+1
- st 1-(A/su)

...........................................

B @l op, s T R L (F p=Alsu#lE) do

Lq :Z(n_s)pn =

(/'l(i/—l) ;Z Po[(K =8)(p=1)p" ™ = p"* +1]
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M/M/S/K

B o2 L L ehld e
s-1 s—1
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Solution

2,K=5>7¢

(@) @ HEM/M/s/IKHS s

A =2/hr n=0,1K ,4

1240min:2hr:>,u:1.5/hr
I 3
_[15n n=12
=13 n=345
N AYDN P, AT
@119 1)
0 = n!
"1 (2/1.5) _
Sie Po =345

Copyright © 2011, Dr. Dharma P. Agrawal and Dr. Qing-An Zeng. All rights reserved.
Nn A6/60



i Solution

(a)m T

4 1[4y _1(4Y
p1—3po, p2_2 Po p3—4 3 Po

) _1@“ _i(ﬂf
+“gl3) P BTigl5) P

B FF R ot 1o 4
+als) 35 ) %)

Dl l+=+=| = | +=| = | +2] = | +—=| = | [=1
3 2\3) 4\3) 8l3) 1613

p, =0.2981, p, =0.1988, p, =0.1325, p, =0.0883, p, =0.058
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i Solution

PLFEF T L E 4o ol

T

Age = A(1—p:) =2(1—-0.0589) =1.8822 cars/ hr

~
O
N
[ ]
=

© & o el
=2(0.0589) =0.117/8 cars
B A x 10 ] B4y 29 5
$1350x10x A p, = $1590.3
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Solution

(d) A1ienadpy d fmlics

1p,+2(p, + p; + p, + ps) =1.2551 cars

() # - E X ZFEFR O AL FE 40T

(2p, +1p,)/ 2 =37.27%

() Fiza ¥ o jwlics

5
L, => (n-2)p, =1p, +2p, +3p, = 0.4858 cars
n=3
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i Solution

() *= PREZ AR P R 2

L
W, = 1 0.4858 —0.2581 hrs =15.49 min
A, 1.8822
1 .
W =Wq +—=55.49 min
u
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+

» RTE 8P E—0IF 2 e

T —%4

CNEEE S

e A L BB E N A B

FEies

I L s 2 ] e e

12057 g e 207 -

HERF FE] AR

> B4

TR kes Y IE 5
87.5 % o LRI

TANEE

_.A/ \HB/E =

CHYIES

BEEE J&ATA%DD

Copyright © 2011, Dr. Dharma P. Agrawal and Dr. Qing-An Zeng. All rights reserved.

AN S=Zu

BT ]

» BT
=1 TFKA_‘
ELAl
AR

ZA 2% B
e

PR 1257 S 5 51 allv

N
SN

NI

51



Solutlon
Sol:EEM/M/1.E[ERIEHER Zif - B2 N GFEREZEHEK
A=%.u=5
Y it -
P =1c

L =k-2(-F)=k-pl-F)

A\ S|

RIFZEER » (Z1EEE eSS L. < 0.125k -

Em=1.2.3.45.FULLF 24

k P, L L <0.125k ?
1 10/11 0.091 £(0.125)
2 50/61 0.197 £(0.25)
3 500/683 0.321 £(0.375)
4 1250/1933 0.467 =(0.5)
5 2500/4433 0.640 7(0.625)
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i Example

» HEGTA ZEEEE L SEEZEGELENEIEA
P ERE RS o TR FZEZ RS
/INEFAEEE6 A 0 ffcPoisson i o {HZFFEEYIHY R FE F530
& A > 5K NAHIRTRE 2
(1) ZFFENEE AR
(2) BINZMHER (25 H om0 BElZEZZE AN
REHE A SR S L BER 2 R )
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Solution

Sol: [FfFHEEN/NM/3/30 » S=3 » K=30> A =6 ( )/ |\EE)

3 30
S oo+ 3 Seer
- - n=4
41_ 27
RNV ST L &) J
=1.65
Fy, =16 = 0.61
i'(é! <0.6l., O0=n<23
(1> p,=""""
1_3[l = 0.61 3=mn <30
313" )
N . 30
_ P _ 1 /1 _
(2) Py =L P = () =061=0
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